Ultra-Broadband SCVM Phase Shifter

Ideal Mathematical Model Derivations

LINYANG LEE

November 2025

§1 Introduction

Below are my expanded step-by-step derivations for the mathematical models of the
novel Self-Compensated Vector Modulation (SCVM) Phase Shifter found in JSSC 2025.
I summarize the main mathematical ideas in section 6.

§2 Vector-Modulation Phase Shifter

The voltage gain in the in-phase (/) and quadrature (@) paths of a Lange coupler with
center frequency fo and coupling coefficient C' are

I= vi-c
V1= C2cos (%) + 7 sin (%%)
jC'sin (Z‘L)

— f f
1 cos<f)—|—jsm<f)

Figure 1: One-stage Vector Modulated Phase Shifter
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By setting the gains of the two VGAs as G cos(6) and G sin(6), we get

Vout = IVin - G cos(0) + QVin - G'sin(0)
(cos(®))VT = C? + jC'sin (FL ) sin(6)

= G‘/In
V1 —C?cos (2f ) + 7sin (Tf)
Dividing the numerator and denominator by v1 — C2, we get
cos (6 +igce C (%) sin(6)
‘/out G‘/ln

f
xf J bln f
COS (7f )

f
]Sln o=
é ) GO, we can substitute in for G to cancel the

Letting G = | cos (%
denominator and get

mf
2fc

Vout = <cos(0) +J : ? =2 sin ( > sin(9)> GoVin.

From this equation, we can see the problems with the VM-PS. For varying frequencies
and 6, the phase shifting and magnitude are not consistent. The authors propose the use
of N cascaded stages of VM-PS to solve this problem.

§3 ldeal Self-Compensated-Vector-Modulation Phase Shifter

The SCVM idea is to divide the total phase shift into N equal parts and give each an
initial phase offset of ¢ at equal intervals from —5 to 5. This will lead to the
”self-compensation” idea.

§3.1 Getting the Cascaded Gain Response

Let o = 2= ]IV N, with k € [1, N]. Respectively, each phase shifter will do a phase shift
of

6 6

7+§01a

N N—F‘P%'--a + ©N-

0
N
Since each phase shifter is a VM-PS, the kth phase shifter has a gain of

0 . (0
Gk—I-GCOS<N+4pk>+Q-Gs1n<N+<pk>

= <Icos <§7+</7k> +Qsin (;—i—gak)) G.

Thus, the cascaded gain response of the whole phase shifter Gpg can be written as
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N
Gps = GNkEIl [Icos <§7 —i—gok) + @ sin (;—i—cpk)} .

For simplicity, let ay = % + ¢y Since cos(f) = w and sin(f) = w

We can rewrite the sum inside the product as

)

I cos(ag) + @ sin(ay) = % (cis(ag) + cis(—ay)) + % (j cis(—ag) — jcis(ag))

I—9 I+7
2‘7Q cis(ag) + +JQ
I _2]erak 4 I+2]Q6*J01k

cis(—ag)

Thus, we can write

k=1
N I+jQ
I—70Q _
N a 2 2ja
=G H( 5 eJk><1+I]€Jk>
k=1 2
N N
I—35Q I+5Q
— N Jog 2ja,
NI (e L (14 2
k=1 k=1

k=1 k=1
N N N )
I—350Q .o I+5Q _
—GNH< e]N)H(erDk)H(l < o2
k=1 k=1 k=1 I-j@
Since we know that
2k-1-N_ N+1-2k 2(N-k+1)-1-N_
Yr = N " N T OIN T = —QN-k+t1,

N
by symmetry, > ¢ = 0.
k=1

Thus,

So we have
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§3.2 Clearing up the Second Product

Now, we would like to clear up the second product term. Define

Ty = 1+jQ ‘er*Qjo"“.
I—-3Q

Then we can rewrite x;, as

6—2j(%+%)

)
)
I +jQ> o2 (%) gi~201)
)
)

 N+1—2k
-~ ™

Taking both sides to the power of IV,

I+i0\Y ., . .
N _ [ _ 240 jm —j(2km)
b = (-72lg) e
I‘i'jQ)N —246
= (22 201
(-7208) e
:__<_[*ﬂﬂ9>N€—w9
I-jQ
So, we have
ANN
xy + (—ﬁi—jg) e 20 =0,

Now, we can see that xj form exactly the N solutions to
A\ N
I .
l‘N + <+‘7Q> 6—239 =0.
I—-35Q
By Vieta’s formulas, we see that all its elementary symmetric polynomials are equal to
zero except for the product of all the roots. Furthermore, Vieta’s also tells us

> T+iQ\N o0 (1+5Q\"
= (—1)\V ([ J¥ —2j6 _ ~2j6.
llxk - ( I—j@) ‘ (I—j@) ‘
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Thus,

k=1 k=1
N
i1 11 <t2 k=1
N
=1+ H Tk
k=1
=1+ <I+]Q>N —2560
I-jQ
This allows us to simplify Gpg to
N . N .
I—jQ ;o I+jQ _;
_ AN 2
ars = 6 T (457904 TT (10 750
k=1 k=1
N .
I— A
o (5

§3.3 Error Term and Self-Compensation
Now, define
AN\ N
Aerr = (I + jQ) 67]29-
I—jQ
This gives

I—j N
Gps = < ]QG> e’? (1 + Aerr) .

In an ideal case, Q = jI and I + j@Q = 0. Thus, the A, term will disappear in this case.

However, the amplitudes of I and ) will not necessarily match, and they will not
necessarily be perfectly orthogonal, leading this I + jQ term to arise.
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For a small mismatch, let QQ = jI + ¢ for a small . Then

A — <I+jQ>Ne_j29
err I—jQ

_(I+ (=1 +¢)) Ne—ﬂ"
I+1—¢j

€7 N

_ —j26

(2] - ej> €
—_—— ———

<1

Thus, we see that as N increases, the Ag will go to 0.

A N
Furthermore, as N increases, Gpg will approach (%G) 79 Thus, we see the total
phase shift of 6.

§3.4 Phase and Magnitude Errors

We can define the phase and magnitude errors as

I+5Q\Y i
H(I—j@) ° ]

- <I+jQ>Nej29] .

Ay = phase(1 + Ae;r) = phase

= 1 rr) — .
Ag = dB(1 + Aey) = dB i

When Ay = 0, both Ag, Ag = 0. For the sake of simplicity, let

NN
1/)=phase<<§i—j,g> 6j20>

a_’]ﬂ’QN
I—-jQ

Then, 1 4+ Aerr = 1 + ae?, Ay = phase (1 + aejw), and Ag = dB (1 + aejw).

This allows us to analyze 1 + A on the complex plane. Here, all 1 4+ Agy lie on a circle
centered at (1,0) with radius a.

Im
A
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We would like to find the maximum phase and magnitude errors. The maximum phase
error is at point 7' (and symmetrically at a T’ that is T reflected over the real axis).

Thus,

|Ag|max = arcsin (a)

= arcsin ‘I i@ "
I—35Q '

In a similar way, we can find |Ag|max. From our figure, we can see that

l—a<|[14+Ae| <1+a.

Since 1 — a < 1, we can write

|AG|max = max{| dB(1 — a)|,| dB(1 + a)|}
= max{—dB(1 —a),dB(1 +a)}.

Comparing the two by subtraction,
—dB(1—a) — dB(1L +a) = — (dB(1L — a?))..

Because 0 < 1 — a? < 1, we know that — (dB(1 — a?)) = —20log;o(1 — a?) > 0.
Thus, —dB(1 — a) is larger and

|AG|max = max{—dB(1 —a),dB(1+a)}
— —dB(1 - a)

I+5QY
— aB(1- ’ TIQT
I—3Q
Here, we can again see how increasing N will significantly reduce the phase and
magnitude errors.

§3.5 Ensuring Ultra-Broadband by bounding |I — Q|
We know that

. N
Gps_<I 2‘7QG> 10 (14 Aewr).

. N
We would like <%G> to remain stable for a large bandwidth, so we will bound
|I — 7Q|. In an ideal Lange coupler,

V1 —C? + C'sin <%>
V1 —C2cos (%) + 7 sin (%)

[ —jQl =
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For the sake of simplicity, let x = 2’}—1; Then,

V1—C? + Csin(z)
V1 — C?cos(z) + jsin(z)

VT=CZ + Csin(a)
VT Ceos(e) + jsin(a)
VT=C + Csin(a)|
V(1 = C?) cos(x) + sin®(z)
:\/ (VI—C2+ Csin(x))?
(

1 — C?) cos?(x) + sin?(z)

- jQ| =

Expanding and rewriting (1 — C?) cos?(x) + sin?(x) as (1 — C?) + C? sin?(x), we get

[ Q= (1 —C2) + C?sin®(z) + 2CV1 — C?sin(x)
=0l = (1—C2) + C%sin’(z)
_Jis 2CV1 — C?sin(x)
B (1 —C2) + C?sin’(x)
20V1 - C?
L_C2 | C2in(x)

sin(z)

= |1+

Looking at 511;82) + C?sin(x), we see that it is minimized and equal to 1 when z = 7/2.

Furthermore, since in the case of an ideal Lange Coupler, |I],|Q| < 1, we know that
I —jQ| < |I| + Q| < 2. Thus,

1< |I—-jQ| Smin{\/l—l—QC’\/l—C’Q,Q}.

So, if we loosely bound |I — jQ|/2 as 0.5 < |I — JQ|/2 < 1, we find that in the worst

case,
1-5Q) i
‘ dB (2 =20 loglo 5 ~

Thus, the gain fluctuation is less than 6 dB in each stage.
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84 Impact of Parasitics and Distortion
Because of non-idealities, the gain of the VGA can be expressed as

Gvaa = A(Ver)H(f)[1 + 0(A, f)]

where A(Vgi1) represents the idea target gain control profiles, H(f) represents the
bias-independent frequency response, and (A, f) is the distortion factor accounting for
gain and phase variation from parasitic and non-linearity.

Because we can design VGA to be symmetric, 0(A, f) is an even function with respect to
A and it reduces to 0 when A(V41) = 0. Thus,

84.1 Gain of Phase Shifter

The gains in the in-phase and quadrature paths will be

Gl,k = A COS(ak)H(f)(l + 5(A0 COS(ak), f)),
Gak = Aosin(ar) H()(1 + 6(Agsin(an), f).

Thus, the gain in the phase shifter Gpg is

N {Icos(ak) (1 + 0(Ag cos(ayg), f)) }

Grs = Ay H"(f) kl_[l + @sin(ay) (1 + d(Agsin(ax), f))

Doing a Taylor expansion on 6(A, f) around A = 0, we find
S(A, f) = 00(f) + 01(f) A+ 0a(f)A% 4+ 83(f)A3 +-- -,

where 6;(f) = i 540 (A )| 4—o-
We know that do(f) = 0(0, f) = 0. Considering §(A, f) and §(—A, f) now, we see that

S(A, f) = 0o(f) + 61 (f)A + Sa(f) A% + 03(f) A% + - -
S(=A, f) = 00(f) — 61(f)A+ 0a(f)A* = 55(f)A> + -+ .

Since we know 6(A4, f) = §(—A, f), we see that for odd k, §;(f) must be 0. Thus, it’s
reasonable to approximate

S(A, f) ~ 6,42,

Define Ghorm = ﬁ, and take the approximation 6(A, f) ~ 62 A%. Then,

N 2 3
I cos(ay,) + 109A¢ cos®(a
Gnorm:|| (k) 20 2(. ’;) :
paill U Q@ sin(ag) + Qo2 A5 sin” (o)

Now we can utilize the triple angle identities
cos(30) = 4 cos®(6) — 3 cos(h)

sin(30) = 3sin() — 4sin®(0).
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Thus, we find that

3 3
Teosa + 162A(2)<COS( ay) + 3 cos Oék:)

4
3sin oy, — sin(3ay) )
4

Gnorm

I
=

i

—_

+ @Qsinay +Q52Ag<

3 1
I cos(ay) <1 + 452A%> + ZI 52.A3 cos(3ou)

I
=

B
Il
—

3 1
+ @ sin(ag) (1 + 462A(2)> - EQ 59A2 sin(30y,)

Since I cos() + @ sin(f) = I_sz cis(0) + +]Q cis(f) and similarly for I cos(f) — @ sin(0),

#1593 5asf) 50 1 12 L 5y e

4+35A o= I 4438242
_ _]Q 62140 H i3ak H 2 0 ]2ak+ i‘;g 527; Jhouy,
B 2 ]+JQ+ — j6ay, :
k=10 T 750

Cnomm — ﬁ{fﬁ% + % 8pA3) ek 4 L9 (14 4.5,43) }
norm —

Also, since

N N N
H e 3ok — H eJ(30/N) H eJPE — 6]39’
k=1 k=1 k=1

we find that

’ o\N N (4436247 ;o [+jQ 438242 _ja

G = ]39 ﬂ . 52A0 H 6 A2 Jeck + I_:;Q §2Ag 0 (& Jea

norm 2 4 + §+j8 1 e—Jbay, .
J

k=1

Define the third order Laurent polynomial L(x) where

[+jQ 443645 5 443043 +I+jQ

L(z) = 2° .
@ ="+ 750 " 5az © A2 T

Then we can write

G — ]39< —JQ 52A2> HL ~2jo)

2

Let the three roots of L(z) be x1, xo, x5 where |x1]| < |x2| < |z3|. Then,

_ I — i A2 N 3 N
Gnorm = 6]36 <2jQ ’ 6240) H H (eak — ZCm) .

10
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N
To simplify each [] (e** — x,,), we proceed similarly as in subsection 3.2.
k=1

Let yp = e 2%, Then,

—2«

yp =€ F
— oI —i2p
— ¢ IN e I2¢%

220 . w -2k
= ¢ INeNe I N .

Then, considering y,]cv , we find that

gt = (~)Ne I (TR eI )

_ 7(76—j29)N‘

Thus, y; form exactly the N solutions to
yN + (76—j29)N —0.

Like in subsection 3.2, applying Vieta’s tells us that of the elementary symmetric
polynomials, only the product of all the roots is nonzero. We know that this product is
equal to

N
—2j6
[Loe=e".

k+1
Thus, we find that

15 <12

B N
k=1 _:
F(—zm)N 3( > yi1yi2yi3> +o [T w

1;<i2<13 k+1

N (—zm)™ + (—2m)V ! (Z yi1> + (—a)V (Z yilyi2>

11
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This shows that x1, x2, x3 are important for determining the response of the phase
shifter. The authors assume the following;:

1. The signal in @-path leads the signal in the I path, 0 < 8(Q) — 6(I) < 7, implying
that ‘”JQ‘ <1

4+352A0
b2 A2

2. Distortion is not severe, implying that |02 A23| is small, so | | > 1.

84.2 Locating the roots
We defined L(x) to be

I+jQ 4+ 35243 2+4+352A3 +I+jQ

L(z) = 23 : .
@ ="+ 750 T 5az © A2 T

Define f(x),g(x) where f(z) + g(z) = L(z) as follows:

4+ 352A(2)

f(x) = 52A3

I+ 4 A2 I+
o) = ot 4 IQ A0 THIG
I—jQ 545 I—-;Q

Recall that we defined this Laurent polynomial with = e2/%  so we would like to
analyze x for |z| = 1. Thus, we have

|4+ 38243
If(fv)l—' o
9()] < I—i—jQ 4 + 36943 I+jQ
/ =0l &az | T|T=j0|

Continuing with the assumptions that @) leads I and distortion is not severe, we find that

4+ 36,43
— > 0" Y

>O.

Thus, |f(x)| > |g(z)| for all |z] =1 on the boundary of the unit circle.

By Rouché’s theorem, since f(x) has only one zero root (z = 0) inside the unit circle
|x| < 1, we know that L(xz) = f(x) 4+ g(x) should only have one zero root in |z| < 1.

To locate the other two roots, we proceed in a similar fashion as above. Define y = 1/x
and write

1
Qly =y3L<>
() ;
T+3jQ 4+306,A2  4+30,A3 3+I+jQy3

—1 :
T ez YT sna VT

12
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Then, define F(y), G(y) where F(y) + G(y) = Q(y) as follows:

4+ 30042 ,
F(z) = - 272400
(.’L’) 52A2
I+j5Q 443543 I+jQ s
Glz)=1+ <.
W= 050 e VT
Since we are still analyzing in the case that |z| = 1, we know that |y| = ‘%‘ = 1. So,
4+ 309 A2
F(z)| = |[—22%22%0
Pl =52
I+]Q 4+ 369 A3 I+jQ
Ola) < 2 +9|
I—jQI| 6245 I—jQ

Continuing with the assumptions that () leads I and distortion is not severe, we find that

4+ 309 A2
52 A2

F(z)| - G()] > '

> 0.

(- [r=5al) -5l
1-jQl) 11-jQ

Because F'(y) has two identical roots y = 0 inside the unit circle |y| < 1, Rouché’s
Theorem tells us that Q(y) = F(y) + G(y) should have two zero roots for |y| < 1.

Since Q(y) = y°L (%) = % L(z), we know that L(z) will have exactly two zero roots for
|z| > 1.

Thus, we have located the three roots of L(z). We know that |z1] < 1, |x2| > 1, |z3| > 1.

§4.3 Approximating the roots

To approximate the roots, we take advantage of the fact that |z;| < 1. We can rewrite
L(z)=0:

3 T+jQ 4+354% 5 4+ 35,42 +I+3Q

: 0
1-jQ 647 52 A2 I1-jQ
4+4300A% (1T+35Q I+35Q
1 0.
(52A2 T I—jQx+ +x +I—]Q

Dividing both sides by z ( +J Qaz + > we get

4+ 350 A2
59 A2 1+5Q
249 xT (ﬁﬂ? + 1)

3 N - Y.
1+5Q 1+5Q 5o A2
x(I §Q$+1) $<1_§Qx+1) 2430

13
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After further simplification, we get

e e I S Y
(1482+1)  (fH8e+1) 24

x2 n x ! 4+ 352A%
I+jQ Q)  §yA2
(1 ot + 1) (”3+ I+§Q> 270

Now, considering the root |z;| < 1, we know that

z? zyt
I+j5Q < I1-jQ
(I =0T —i—l) (:1:1+ I+jQ)

) will dominate and we can make the approximation

Ty
—iQ
L1+ 75

Thus, the second term (

4+ 36245 xyt N xyt

0242 14Q) ~ (1=Q)
A (m+g)  (158)

: N 02AR  I45Q
So we can approximate x1 pretty well by 1R~ anaz TG
By Vieta’s, we know that xixox3 = —%. Thus, we can approximate the product xox;
by
4 + 35214(2)

T3 =~

5, A2

§4.4 Continuing the Analysis on Phase Shifter Gain Under Nonidealities

Recall that we found Gporm to be

. N
Gnorm = €j30 <I_2JC2 62;43> [e_j2€ + (_‘Tl)N] [6_j29 + (_1_2)]\7] [e_j20 + (_$3)N] :

For large N, we can make the following approximations reasonably:

e %0 4 (—$1)N ~ e 920

: : 44 36,42\ "
[e—]26 + (—l’g)N} [e—]%’ + (_$3)N] ~ (m2$3)N ~ + 22 0
02 A§
Thus, for sufficiently large N we can rewrite Gyorm as

G 7o 399 (1= 9Q 0248\ " _jag (4+ 30245
norm 2 4 62A%

. N
~ o0 I —jQ 4+ 3543
2 4

Thus, we can see that as IV increases, the magnitude of Gporm doesn’t rely on 6 and the
output phase is linearly related to 6.

The response will, therefore, converge to that of an ideal phase shifter.

14
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84.5 Higher order Taylor Expansions
Recall that we found the second order Taylor expansion on ¢ to achieve these results.

If we used an Mth order Taylor expansion instead, we can proceed in the same fashion
as when we approximated J(A, f) a~ doA2. The results will not change as we can simply
change 6242 in all our expressions to whatever the Taylor expansion becomes.

§5 Over-Coupling for Bandwidth Extension

Traditionally, Lange couplers are set to equal coupling with C' = v/2/2 to get
equal-amplitude quadrature signals. However, the proposed SCVM architecture allows
the coupling coefficient to be higher.

Plugging in the values of I and () for the phase error found in subsection 3.4, we find

|Ag|max = arcsin 1+5Q"
max I _ ]Q
N
V1 —-C? - (Csin (;rf)
= arcsin °
V1 —C?+ Csin <;J{)
N
B Csin(%)
=arcsin | | ————————F— V1-C?
Csin(%)
1+ V1-C?
N
. 2
= arcsin = : o -1
1+ o Sin (ﬁ)

§5.1 Equal Coupling

Define K = \/%W for the sake of simplicity. From the values for I and ) presented in

section 2, we can find that K = |Q/I|. Traditionally, K = 1, and the minimum
operation frequency for a maximum acceptable phase error Ay, would be

N
. 2
|Ag|goal = arcsin -1
1+ K sin (3F)
N/(o 2
/ (5in([Aglgoal)) = ————F—~ — 1
1+ sin (%)

1+ <7r > 2
sin[ =2 | =
2fe 14+ 3/(sin(|Aglgoar))

2fc ) 2
f = ——arcsin - —-1].
i 14+ {/(sin(]As[goa1))
However, K no longer needs to be 1 in the SCVM architecture because of the
exponential error reduction.

15
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§5.2 Overcoupling

Below is a figure I generated with Python on the impact of K on phase error for

different numbers of stages.
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|A6]max (deg)
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Phase Error vs Frequency (N = 1)
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0.75
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Phase Error vs Frequency (N = 4)
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 ——
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T
— K=0.8 —— K=2.0
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— K=15 —— K=3.0
100 125 150 175 200

Frequency (GHz)

Figure 2: Impact of K on PS for given stage numbers when f. = 100 GHz

Note that in the N = 1 case, designing K = 1, lower phase errors can be achieved in a
small bandwidth around f.. However, in the N = 4 case, the figure shows that a large
bandwidth can be achieved even for K # 1. In general, we can find the minimum
operating frequency for arbitrary K and a maximum acceptable phase errors as follows:

|Ag|goal = arcsin

Ym0l gou)) = —— 7

N
2

1+Ksin(£r]{>

-1

1—|—Ksin(%

c

16
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Adding one on both sides and multiplying, we find

14 Ksi Wf) - 2
+ s (ch 1+ X (sin(|A9|goal))

f= 2fe arcsin S ’ -1 ’
T K\1+ 7% (Sin(|A9|goal))

This equation demonstrates that as K increases, the minimum value for f will decrease.
Furthermore, as N increases, f will also decrease.

§6 Summary

Below, I have curated a list of the main ideas in the mathematical modeling for this
paper.

1.

By setting the each of the phase shifters a root of unity apart, the symmetry allows
the authors to create ”self-compensation”.

. The authors turn I cos(ay)+ @ sin(ay) into a sum of two exponentials using Euler’s

formula to work with complex numbers, which are helpful in this case.

. A good idea is presented in subsection 3.2, where the authors extract a product of

terms that consist of a constant added with some magnitude multiplied by e=2/%,
Then, Vieta’s is applied and the product can be cleared to the sum of two terms.
This idea is utilized twice.

. Symmetry can again be seen in section 4, where the symmetry of the VGA is

exploited to create an even function § with respect to A. This simplifies the Taylor
Expansion.

. To get rid of an ugly product, the authors defined L(x) to simplify the work greatly.

§7 Paper’s Errata

Below is a list of small errata in the paper.

1.

Equation (6) is not quite right for odd N. However, it is, in essence, correct. Use
my method for simplicity.

. Figure 5 in the paper incorrectly plots gain error instead of phase error for N = 1.

2 .
. Equation (58) is missing an x. It should be 4480240 (HJQIE + 1) in that first

5, A2 -jQ

term.
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